ABSTRACT. We give a 1-dimensional family of classical and supersingular Enriques surfaces in characteristic 2 covered by the supersingular K3 surface with Artin invariant 1. Moreover we show that there exist 30 nonsingular rational curves and ten non-effective (−2)-divisors on these Enriques surfaces whose reflection group is of finite index in the orthogonal group of the Néron-Severi lattice modulo torsion.
INTRODUCTION
We work over an algebraically closed field k of characteristic 2. The main purpose of this paper is to give a 1-dimensional family of Enriques surfaces in characteristic 2 covered by the supersingular K3 surface with Artin invariant 1. In the paper [4] , Bombieri and Mumford classified Enriques surfaces into three classes, namely, singular, classical and supersingular Enriques surfaces. As in the case of characteristic 0, an Enriques surface X in characteristic 2 has a canonical double cover π : Y → X. The π is a separable double cover, a purely inseparable µ 2 -or α 2 -cover according to X being singular, classical or supersingular. The surface Y might have singularities, but it is K3-like in the sense that its dualizing sheaf is trivial. Bombieri and Mumford gave an explicit example of each type of Enriques surface as a quotient of the intersection of three quadrics in P 5 . In particular, they gave an α 2 -covering Y → X such that Y is a supersingular K3 surface with 12 rational double points of type A 1 . Recently Liedtke [17] showed that the moduli space of Enriques surfaces with a polarization of degree 4 has two 10-dimensional irreducible components. A general member of one component (resp. the other component) consists of singular (resp. classical) Enriques surfaces. The intersection of two components parametrizes supersingular Enriques surfaces. On the other hand, Ekedahl, Hyland and Shepherd-Barron [9] studied classical or supersingular Enriques surfaces whose canonical covers are supersingular K3 surfaces with 12 rational double points of type A 1 . They showed that the moduli space of such Enriques surfaces is an open piece of a P 1 -bundle over the moduli space of supersingular K3 surfaces. Recall that the moduli space of supersingular K3 surfaces is 9-dimensional and is stratified by Artin invariant σ, 1 ≤ σ ≤ 10. Each stratum has dimension σ − 1 (Artin [1] , Rudakov-Shafarevich [20] ).
In this paper, stimulating by Ekedahl, Hyland and Shepherd-Barron's work, we present a 1-dimensional family of Enriques surfaces whose canonical covers are the (unique) supersingular K3 surface with Artin invariant 1. These Enriques surfaces are parametrized by a, b ∈ k, a + b = ab, a 3 = 1. If a = b = 0, then the Enriques surface is supersingular, and otherwise it is classical (Theorem 4.7). To construct these Enriques surfaces, we consider an elliptic surface defined by y 2 + y + x 3 + sx(y 2 + y + 1) = 0 which has four singular fibers of type I 3 over s = 1, ω, ω 2 , ∞ (ω 3 = 1, ω = 1). By taking Frobenius base change s = t 2 , we have an elliptic surface y 2 + y + x 3 + t 2 x(y 2 + y + 1) = 0.
which has 12 rational double points of type A 1 at the singular points of each singular fiber. By taking the minimal nonsingular model, we have an elliptic K3 surface f : Y → P 1 which is supersingular because f has four singular fibers of type I 6 and hence its Picard number should be 22. The Enriques surface X = X a,b is obtained as the quotient surface of Y by a rational vector field
The construction is based on a theory of inseparable double covering due to Rudakov-Shafarevich [19] (see also Katsura-Takeda [13] ). The supersingular K3 surface Y has Artin invariant 1. It was studied by Dolgachev and the second author [8] (also see Katsura-Kondo [14] ). It contains 42 nonsingular rational curves forming (21) 5 -configuration. These 42 curves are nothing but 24 components of four singular fibers of type I 6 and 18 sections of the fibration f . The automorphism group Aut(Y ) is generated by a subgroup PGL(3, F 4 ) · Z/2Z and 168 involutions associated with some (−4)-divisors on Y . From this description, we see that there exist 30 nonsingular rational curves and ten non-effective (−2)-divisors on the Enriques surface X (see Sections 5, 6) . The dual graph Γ of these 40 divisors coincides with a graph obtained from an incidence relation between fifteen transpositions, fifteen permutations of type (12)(34)(56) and ten permutations of type (123)(456) in the symmetric group S 6 of degree six. Recall that fifteen transpositions are called Sylvester's duads and fifteen permutations of type (12)(34)(56) Sylvester's synthemes (see Baker [2] , p.220).
It is possible to choose a set of five synthemes which together contain all the fifteen duads. Such a family is called a total. The number of possible totals is six. And every two totals have one, and only one syntheme in common between them. We remark that there exist twelve (= six plus six) points on X which have the following property: if we denote by 1, 2, . . . , 6 and A, B, . . . , F these twelve points suitably, then the nodal curve corresponding to the transposition ij passes the points i and j, and the six points A, B, . . . , F can be considered as six totals so that the nodal curve corresponding to a syntheme appeared in two synthemes, for example, A and B, passes the points A and B (see Section 5) . Moreover these 40 divisors have the following remarkable property. Let Num(X) = NS(X)/{torsion} be the Néron-Severi group of X modulo torsion. Then, together with the intersection pairing, it has a structure of an even unimodular lattice of signature (1, 9) . Let O(Num(X)) be the orthogonal group of the lattice Num(X) and let W (Γ) be the subgroup of O(Num(X)) generated by reflections associated with 40 (−2)-divisors. Then W (Γ) is of finite index in O(Num(X)) (Theorem 7.4). This property will be helpful for determining the automorphism group Aut(X).
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PRELIMINARIES
Let k be an algebraically closed field of characteristic p > 0, and let S be a nonsingular complete algebraic surface defined over k. We denote by K S a canonical divisor of S. A rational vector field D on S is said to be p-closed if there exists a rational function f on S such that
} glue togather to define a normal quotient surface S D . Now, we assume D is p-closed. Then, the natural morphism π : S −→ S D is a purely inseparable morphism of degree p.
If the affine open covering {U i } of S is fine enough, then taking local coordinate x i , y i on U i , we see that there exsit g i , h i ∈ A i and a rational function f i such that g i = 0 and h i = 0 have no common divisor, and such that 
where ∼ means linear equivalence. As for the Euler number c 2 (S) of S, we have a formula
(cf. Katsura-Takeda [13] ). This is the dual version of Igusa's formula (cf. Igusa [11] ). Now we consider an irreducible curve C on S and we set C ′ = π(C). Take an affine open set U i above such that C ∩ U i is non-empty. The curve C is said to be integral with respect to the vector field
) is tangent to C at a general point of C ∩ U i . Then, Rudakov-Shafarevich [19] showed the following proposition:
In Section 4, we will use these results to construct Enriques surfaces in characteristic 2.
A lattice is a free abelian group L of finite rank equipped with a nondegenerate symmetric integral bilinear form ., . : L × L → Z. For a lattice L and an integer m, we denote by L(m) the free Z-module L with the bilinear form obtained from the bilinear form of L by multiplication by m. The signature of a lattice is the signature of the real vector space L ⊗ R equipped with the symmetric bilinear form extended from one on L by linearity. A lattice is called even if x, x ∈ 2Z for all x ∈ L. We denote by U the even unimodular lattice of signature (1, 1) , and by A m , D n or E k the even negative definite lattice defined by the Cartan matrix of type A m , D n or E k respectively. We denote by L ⊕ M the orthogonal direct sum of lattices L and M, and by L ⊕m the orthogonal direct sum of m-copies of L. Let O(L) be the orthogonal group of L, that is, the group of isomorphisms of L preserving the bilinear form.
AN ELLIPTIC PENCIL
From here on, throughtout this paper, we assume that k is an algebraically closed field of characteristic 2. On the projective plane P 2 over k, we consider the supersingular elliptic curve E defined by
where (x 0 , x 1 , x 2 ) is a homogeneous coordinate of P 2 . This is, up to isomorphism, the unique supersingular elliptic curve in characteristic 2. The 3-torsion points of E are given by
The point Q 0 is the zero point of E. There exist 21 F 4 -rational points on P 2 , and among them 9 points Q i (i = 0, 1, . . . , 8) lie on E. On the other hand, there exist 21 lines defined over F 4 on P 2 , and among them 9 lines are triple tangents at Q i (i = 0, 1, . . . , 8) of E. Tangent lines intersect E only at the tangent points, and other lines intersect E at 3 points among nine 3-torsion points transversely. Now we consider the pencil of curves of degree 3, which pass through nine points Q i 's. Then the pencil is given by the equation
2 ) = 0 with a parameter s. As is well-known, by blowing-ups at nine 3-torsion points we obtain an elliptic surface ψ : R −→ P 1 . On the elliptic surface there exist 4 singular fibers of type I 3 . Five lines defined over F 4 pass through the point Q i on E. They consist of one triple tangent and four lines which intersect E at Q i transversely. By the blowing-ups, the triple tangent line goes to the purely inseparable double-section of the elliptic surface, and the 4 lines go to components of four singular fibers respectively. The 9 double sections pass through singular points of singular fibers three-bythree. The exeptional curves become nine sections of the elliptic surface which pass through the regular points of singular fibers. Each component of singular fibers intersects three sections among nine exceptional curves.
CONSTRUCTION OF ENRIQUES SURFACES
In characteristic 2, a minimal algebaic surface with numerically trivial canonical divisor is called an Enriques surface if the second Betti number is equal to 10. Such surfaces S are devided into three classes (for details, see Bombieri-Mumford [4] ):
(i) K S is not linearly equivalent to zero and 2K S ∼ 0. Such an Enriques surface is called a classical Enriques surface. Proof. By Rudakov-Shafarevich [19] ,S is unirational. Therefore, S is also unirational. However, a singular Enriques surface is not unirational by Crew [6] (also see Katsura [12] ).
In this section, we construct supersingular and classical Enriques surfaces, using the rational elliptic surface ψ : R −→ P 1 constructed in Section 3 (see the equation (3.1)). We consider the base change of ψ : R −→ P 1 by s = t 2 . Then we get an elliptic surface with 12 rational double points of type A 1 defined by
2 ) = 0. We consider the relatively minimal model of this elliptic surface (4.1):
From Y to R, there exists a generically surjective purely inseparable rational map. Therefore, from R ) to Y , there also exists a generically surjective purely inseparable rational map. Since R ) is birationally isomorphic to P 2 , we see that Y is unirational. Hence, Y is supersingular, i.e. the Picard number ρ(Y ) is equal to the second Betti number b 2 (Y ) (cf. Shioda [21] ). Now, we take an affine open set defined by x 2 = 0. Then, on the affine open set this surface is defined by
Considering the change of coordinates
we get a surface defined by
The discriminant of this elliptic surface is given by ∆(t) = t 6 (t 3 + 1) 6 (cf. Tate [22] ). Therefore, we have c 2 (Y ) = t∈P 1 ord(∆(t)) = 24, and we conclude that Y is a supersingular K3 surface (also see Dolgachev-Kondo [8] and Katsura-Kondo [14] ). We see there exist 4 singular fibers of type I 6 . These singular fibers exist over the points given by t = 1, ω, ω 2 , ∞. For f : Y −→ P 1 , there exist three exceptional curves derived from the resolution of the surface (4.1) on each singular fiber. We denote them by
. We denote by E ij (i = 1, ω, ω 2 , ∞; j = 2, 4, 6) the rest of components of singular fibers of f : Y −→ P 1 . Here, E i1 , E i2 , E i3 , E i4 , E i5 , E i6 are components of the singular fiber over t = i (i = 1, ω, ω 2 , ∞). We have E 2 ij = −2. Curves E ij and E ij ′ intersect each other transeversely if and only if | j − j ′ (mod 6) |= 1, and for other j, j ′ we have E ij , E ij ′ = 0. Now, we consider a rational vector field
where F ∞ is the fiber over the point given by t = ∞. (iii) The integral curves with respect to D are the following: the smooth fibers over t = a, b (in case a = b = 0, the smooth fiber over t = 0) and
Proof. These results follow from direct calculation. For example, to prove (ii) and (iii), we consider a local chart of the blowing-up at the point (t, x, y) = (1, 1, 0):
with the new coordinates T, U, V . Then, the exceptional curve C is defined by U = 0 and an irreducible component C ′ of the fiber is given by T = 0 on the local chart. We can show that the surface is nonsingular along C. It is easy to see that T, U give local coordinates on a neiborhood of C in Y .
on the local chart we have
Therefore, on the local chart we have the divisorial part (D ′ ) = C and we see that C is not integral and C ′ is integral with respect to the vector field D ′ . On the other local charts for the blowing-ups, the calculation is similar.
Then, D is also 2-closed, and we have
Since Y is a K3 surface, we have c 2 (Y ) = 24. Therefore, by the equation (2.2), we have
Therefore, we have deg
By the result on the canonical divisor formula of Rudakov and Shafarevich (see the equation (2.1)), we have Proof. Since C is integral with respect to D (Lemma 4.2), we have
Hence we have
′ is an exceptional curve of the first kind.
We denote these 12 exceptional curves on
, which are the images of irreducible components of −(D) by π. Now we have the following commutative diagram:
Here, ϕ is the blowing-downs of E ′ i (i = 1, 2, . . . , 12) and F is the Frobenius base change. Then, we have
Lemma 4.5. The canonical divisor K X of X is numerically equivalent to 0.
Proof. By Lemma 4.2, all irreducible curves which appear in the divisor (D) are integral with respect to the vector field D. For an irreducible component C of (D), we set C ′ = π(C). Then, we have C = π −1 (C ′ ) (Proposition 2.1). Therefore, we have
Since Y is a K3 surface,
Therefore, K X is numerically equivalent to zero. Proof. (i) Assume a = b = 0. Then, the vector field D is a fiber direction only on the fiber over the point P 0 defined by t = 0 (Lemma 4.2). Since f −1 (P 0 ) is a supersingular elliptic curve, the reduced part of the fiber g −1 (F (P 0 )) is also a supersingular elliptic curve, and we have only one multiple fiber on the elliptic surface g : X −→ P 1 . Let g −1 (F (P 0 )) = 2E 0 be the multiple fiber. Then, since E 0 is a supersingular elliptic curve, it has no 2-torsion points. Therefore, Pic 0 (E) has also no 2-torsion points.
Since the normal bundle
⊗2 is a trivial invertible sheaf, O(E 0 )| E 0 itself is trivial. Therefore, 2E 0 is a wild fiber (See Bombieri-Mumford [3] , and Katsura-Ueno [15] ). The canonical divisor formula is given by
Here, t is the rank of the torsion part of R 1 g * O X . There exist wild fibers if and only if t ≥ 1 (cf. Bombieri-Mumford [3] ). Since 2E 0 is wild, we see t ≥ 1. Since K X is numerically trivial and degK P 1 = −2, considering the intersection of K X with a hyperplane section, we have
Since t ≥ 1 and m ≥ 0, we conclude that t = 1 and m = 0. Therefore, we have K X ∼ 0. Since the second Betti number b 2 (X) = 10, X is either singular Enriques surface or supersingular Enriques surface. On the other hand, since Y is a supersingular K3 surface, X is not a singular Enriques surface by Lemma 4.1. Hence, we conclude that X is a supersingular Enriques surface.
(ii) We assume a + b = ab and a / ∈ F 4 . Then, the vector field D is a fiber direction only on two fibers over the point P a defined by t = a and over the point P b defined by t = b (Lemma 4.2). Let g −1 (F (P b )) = 2E b and g −1 (F (P a )) = 2E a be two multiple fibers. Then, the canonical divisor formula is given by
Here, t is the rank of the torsion part of R 1 g * O X . Suppose both E a and E b are wild. Then we have t ≥ 2. Therefore, we have deg(K P 1 − L) ≥ −2 + 1 + 2 = 1. Hence, K X is not numerically equivalent to zero, a contradiction. Now, suppose only one of E a and E b , say E b , is wild. Then,
and t ≥ 1. Then, we have deg(K P 1 − L) ≥ −2 + 1 + 1 = 0. Therefore, we have K X ≻ E a and K X is not numerically equivalent to zero, a contradiction.
Therefore, both E a and E b are tame, and the canonical divisor is given by
Therefore, K X is not linearly equivalent to zero and 2K X ∼ 0. Since b 2 (X) = 10, we conclude that X is a classical Enriques surface.
30 NODAL CURVES
We use the same notation in the previous sections. We call a nonsingular rational curve on a K3 or an Enriques surface a nodal curve. In this section and the next we will show that there exist 30 nodal curves and 10 noneffective (−2)-divisors on X.
First we recall some results for the supersingular K3 surface Y with Artin invariant 1 in Dolgachev-Kondo [8] . The Néron-Severi lattice NS(Y ) is an even lattice of signature (1, 21) isomorphic to U ⊕ D 20 . The K3 surface Y is obtained as the minimal resolution of a purely inseparable double cover p : Y → P 2 of the projective plane P 2 . The purely inseparable double cover of P 2 has 21 ordinary nodes over 21 F 4 -rational points P 2 (F 4 ). Thus we have 21 disjoint nodal curves on Y as exceptional divisors. On the other hand the pullbacks of 21 lines in P 2 (F 4 ) form 21 disjoint nodal curves on Y . Therefore Y contains 42 nodal curves. These curves form a (21) 5 -configuration, that is, they are divided into two families A and B each of which consists of 21 disjoint curves, and each curve in one family meets exactly 5 curves in another family at one point transverselly. Recall that Y has a structure of an elliptic fibration f : Y → P 1 with four singular fibers of type I 6 and 18 sections (see (4.2)). The above 42 nodal curves coincide with the set of 24 irreducible components of singular fibers and 18 sections of the fibration f . The action of the projective transformation group PGL(3, F 4 ) on the plane can be lifted to automorphisms of Y . Also there exists an involution σ of Y , called a switch, changing two families A and B. The semi-direct product PGL(3, F 4 ) · Z/2Z preserves the 42 nodal curves. Here Z/2Z is generated by σ. Moreover there exist 168 involutions of Y as follows. A set of six points in P 2 (F 4 ) is called general if any three points in the set are not collinear. There are 168 general sets of six points. For each general set of six points, we associate the Cremonat transformation of the plane which can be lifted to an involution of Y . We call this involution the Cremona transformation associated with a general set I of six points and denote it by Cr I . The action of Cr I on NS(Y ) is the reflection associated with a (−4)-vector
in NS(Y ). Here ℓ is the class of the pullback of a line in the projective plane by p and C 1 , . . . , C 6 are exceptional curves over the six points in I.
It is known that the group Aut(Y ) is generated by PGL(3, F 4 ), σ and 168 Cremonat transformations (Dolgachev-Kondo [8] ). Let X be the Enriques surface given in Theorem 4.7. It is known that the Néron-Severi lattice modulo torsions, denoted by Num(X), is isomorphic to U ⊕ E 8 which is an even unimodular lattice of signature (1, 9) (see Cossec-Dolgachev [5] ). Consider the map
Denote by E 1 , . . . , E 12 the 12 disjoint integral nodal curves on Y which are contracted under the mapπ (In the equation (4.3) in Section 4, we denote them by E 12 , E 14 ,
Note that these 12 curves consist of 6 curves in A and 6 curves in B. Let A is orthogonal toπ * (Num(X)). As mentioned above, there are 42 nodal curves on Y . Among them, 12 curves E 1 , . . . , E 12 are integral and contracted byπ. In the following we discuss the remaining 30 non-integral curves. Let F be a remaining non integral nodal curve. Note that F meets exactly two curves among E 1 , . . . , E 12 and the image π(F ) has the self-intersection number −4 by Proposition 2.1. The imageπ(F ) is a nodal curve. Let F ′ be an another remaining curve. If F, F ′ = 1, thenπ(F ) meetsπ(F ′ ) at one point with multiplicity 2. Assume that F belongs to the family A. Recall that F meets 5 curves in B. Denote by E, E ′ , F 1 , F 2 , F 3 the curves meeting with F where E, E ′ are integral, that is, they belong to {E 1 , . . . , E 12 }. Assume that E meets F, G 1 , . . . , G 4 and E ′ meets F, G 
. We now get the following lemma. In the following we show that the incidence relation between nodal curves inĀ andB is the same as that of Sylvester's duads and synthemes. First we recall Sylvester's duads and synthemes (see Baker [2] , p.220). We denote by ij the transposition of i and j (1 ≤ i = j ≤ 6) which is classically called Sylvester's duad. Six letters 1, 2, 3, 4, 5, 6 can be arranged in three pairs of duads, for example, (12, 34, 56) , called Sylvester's syntheme. (It  is understood that (12, 34, 56) is the same as (12, 56, 34) or (34, 12, 56) ). Duads and Synthemes are in (3, 3) correspondence, that is, each syntheme consists of three duads and each duad belongs to three synthemes. It is possible to choose a set of five synthemes which together contain all the fifteen duads. Such a family is called a total. The number of possible totals is six. And every two totals have one, and only one syntheme in common between them. The following table gives the six totals A, B, . . . , F in its rows, and also in its columns (see Baker Now we consider six letters 1, . . . , 6 as the six points on X which are the images of curves in A contracted byπ, and six totals A, . . . , F as the six points on X which are the images of curves in B contracted byπ. Also consider fifteen duads as fifteen nodal curves inĀ. The transposition ij corresponds to the nodal curve through the two points i and j. On the other hand, consider fifteen synthemes as fifteen nodal curves inB. A syntheme corresponds to the nodal curve through the two points corresponding to two totals containg the syntheme. Then two curves inĀ meet if the corresponding two duads have a common letter, and two curves inB meet if the corresponding two synthemes have no common duads. And the (3, 3) correspondence between duads and synthemes describes the intersection relation between fifteen curves inĀ and fifteen curves inB. For example, the nodal curve (12, 34, 56) tangents to nodal curves 12, 34, 56 and meets eight nodal curves inB belonging to the totals A or E at the points A and E (see Figure 1) . The nodal curve 12 tangents to nodal curves (12, 34, 56), (12, 35, 46) , (12, 36, 45 ) and meets eight nodal curves inĀ containing the letter 1 or 2 at the points 1 and 2. Thus fifteen duads, fifteen synthemes, six letters and six totals are realized on the Enriques surface X geometrically. FIGURE 1.
TEN (−2)-DIVISORS
We keep the same notation in the previous section. Recall that the K3 surface Y has 168 divisors given in (5.1). Proof. For simplicity, we assume that E 1 , . . . , E 6 are the pullbacks of six lines ℓ 1 , . . . , ℓ 6 in P 2 (F 4 ) and E 7 , . . . , E 12 are exceptional curves over F 4 -rational points p 1 , . . . , p 6 of P 2 . Obviously p 1 , . . . , p 6 do not lie on ℓ i , 1 ≤ i ≤ 6. Moreover the set {p 1 , . . . , p 6 } of six points is general by construction. Letr = 2ℓ − (C 1 + · · · + C 6 ) be a divisor such that C 1 , . . . , C 6 are exceptional curves over general six points q 1 , . . . , q 6 on P 2 (F 4 ). Assume that r, E j = 0 for j = 1, . . . , 12. Since ℓ, C i = 0, we see r, C i = 2. Hence we have E j = C i (i = 1, . . . , 6; j = 7, . . . , 12). The condition r, E j = 0 implies that each E j (j = 1, . . . , 6) meets exactly two curves in {C 1 , . . . , C 6 }. This means that the six points q 1 , . . . , q 6 are intersection points of six lines ℓ 1 , . . . , ℓ 6 . Thus the divisorsr satisfying r, E j = 0 (j = 1, . . . , 12) correspond to the set of general six points q 1 , . . . , q 6 which are intersections between ℓ 1 , . . . , ℓ 6 . We will show that six lines ℓ 1 , . . . , ℓ 6 are divided into two sets {ℓ i , ℓ j , ℓ k } and {ℓ l , ℓ m , ℓ n } such that six points q 1 , . . . , q 6 coincide with the intersection points of three lines ℓ i , ℓ j , ℓ k and those of ℓ l , ℓ m , ℓ n . Denote by ij the intersection point of ℓ i and ℓ j . If six points are given by ij, jk, ki, mn, nl, lm, then we have the desired one. Otherwise six points are given by ij, jk, kl, lm, mn, ni because each letter appears twice. In this case, the line ℓ through ij and kl does not appear in {ℓ 1 , . . . , ℓ 6 }. Since the set {p 1 , . . . , p 6 } of six points is general, ℓ passes exactly two points in {p 1 , . . . , p 6 }. Since ℓ contains five F 4 -rational points, it should pass one more point not lying on ℓ i ∪ ℓ j ∪ ℓ k ∪ ℓ l because ℓ∩{ℓ i ∪ℓ j ∪ℓ k ∪ℓ l } = {ij, kl}. This implies that ℓ passes the remaining point mn. This contradicts the generality of the six points ij, jk, kl, lm, mn, ni. Thus we have the assertion. Letr a ,r b , . . . ,r j be ten divisors in NS(Y ) indexed by ten letters a, b, . . . , j which are given in Lemma 6.1. Let r a , r b , . . . , r j ∈ Num(X) be the images ofr a ,r b , . . . ,r j . Sincer Consider two distinct divisorsr andr ′ . Assume thatr (resp.r ′ ) correspond to six points q 1 , ..., q 6 (resp. q ′ 1 , ..., q ′ 6 ) which are the union of intersection points of ℓ i , ℓ j , ℓ k and those of ℓ l , ℓ m , ℓ n (resp. the union of intersections of Proof. We use the same notation as in the proof of Lemma 6.1. Let C be the nodal curve on Y corresponding to a duad. Then C meets exactly two nodal curves E, E ′ in {E 1 , . . . .E 6 }.
and if C does not appear in {C 1 , . . . , C 6 }, then
The proof for which C corresponds to a syntheme is similar. Thus we have the assertion.
We can identfy ten divisors r a , . . . , r j with ten symbols (14, 26, 35) , (15, 24, 36) , (15, 26, 34) , (16, 24, 35) , (16, 25, 34) .
We denote by Γ the dual graph of 30 nodal curves and ten (−2)-divisors.
Remark 6.4. The graph Γ appears in other places. For example, consider the moduli space of principally polarized abelian surfaces with level 2-structure over the field C of complex numbers. It has fifteen 0-dimensional and fifteen 1-dimensional boundary components and contains ten divisors parametrizing abelian surfaces of product type (e.g. see [10] ). On the other hand, S. Mukai found the existence of the above configuration of 30 nodal curves and ten (−2)-vectors on an Enriques surface defined over C (unpublished).
Proposition 6.5. The automorphism group of the graph Γ is isomorphic to the automorphism group Aut(S 6 ) of the symmetric group S 6 of degree 6.
Proof. Recall that Aut(S 6 ) is generated by S 6 and an outer automorphism. An outer automophism interchanges duads with synthemes, and six letters 1, . . . , 6 with six totals A, . . . , F respectively. Obviously Aut(S 6 ) preserves the graph Γ. Let g be an automorphism of Γ. If necessary, by compositing an outer automorphism, we assume g preserves six letters. If g fixes each of six letters, then g acts on Γ identically. Thus g is contained in S 6 . in II 1,25 , and the above 30 nodal curves and 10 (−2)-divisors on X correspond to the projections of some Leech roots.
AUTOMORPHISMS
Let S be an Enriques surface. Let Num(S) be the Néron-Severi lattice modulo torsions. Then Num(S) is an even unimodular lattice of signature (1, 9) (Cossec-Dolgachev [5] ). We denote by O(Num(S)) the orthogonal group of Num(S). The set {x ∈ Num(S) ⊗ R : x, x > 0} has two connected components. Denote by P (S) the connected component containing an ample class of S. For δ ∈ Num(S) with δ 2 = −2, we define an isometry s δ of Num(S) by
The s δ is called the reflection associated with δ. Let W (S) be the subgroup of O(Num(S)) generated by reflections associated with all nodal curves on S. Then P (S) is divided into chambers each of which is a fundamental domain with respect to the action of W (S) on P (S). There exists a unique chamber containing an ample class which is nothing but the closure of the ample cone D(S) of S. It is known that Aut(D(S)) is isomorphic to the quotient group O(Num(S))/{±1} · W (S). The natural map
is isomorphic up to finite groups, that is, it has finite kernel and cokernel (e.g. Dolgachev [7] ). In particular Aut(S) is finite if and only if W (S) is of finite index in O(Num(S)). Over the field of complex numbers, Enriques surfaces with finite group of automorphisms were classified by Nikulin [18] and the second author [16] . In general it is difficult to describe the group Aut(D(S)). Now, we recall Vinberg's criterion for which a group generated by finite number of reflections is of finite index in O(Num(S)).
Let ∆ be a finite set of (−2)-vectors in Num(S). Let Γ be the graph of ∆, that is, ∆ is the set of vertices of Γ and two vertices δ and δ ′ are joined by m-tuple lines if δ, δ ′ = m. We assume that the cone [23] , p. 345, Table 2 ). If the number of vertices of Γ ′ is r + 1, then r is called the rank of Γ ′ . A disjoint union of connected parabolic subdiagrams is called a parabolic subdiagram of Γ. The rank of a parabolic subdiagram is the sum of the rank of its connected components. Note that the dual graph of singular fibers of an elliptic fibration on Y gives a parabolic subdiagram. For example, a singular fiber of type III, IV or I n+1 defines a parabolic subdiagram of typeÃ 1 ,Ã 2 orÃ n respectively. We denote by W (Γ) the subgroup of O(Num(S)) generated by reflections associated with δ ∈ Γ. For the proof of Proposition 7.1, see Vinberg [23] (also see [16] , Theorem 1.9).
Let X be the Enriques surface given in Theorem 4.7. In the following, as ∆ we take 40 (−2)-vectors in Num(X) corresponding to fifteen duads, fifteen synthemes and ten (−2)-vectors given in the previous section. Let Γ be the graph of these 40 vectors. We directly see the following Lemma. each of which has the maximal rank 8.
In the following we give an example of each maximal parabolic subdiagrams.
(i) The diagramÃ 2 ⊕Ã 2 ⊕Ã 2 ⊕Ã 2 corresponds to an elliptic fibration on X with four singular fibers of type I 3 . For example, four sets {12, 23, 13}, {45, 46, 56}, {(14, 25, 36), (15, 26, 34) , (16, 24, 35 )}, {(14, 26, 35), (15, 24, 36) , (16, 25, 34 )} are components of singular fibers of an elliptic fibration of this type. The syntheme (12, 35, 46 ) is a 2-section of this fibration.
(ii) The diagramÃ 4 ⊕Ã 4 corresponds to an elliptic fibration on X with two singular fibers of type I 5 . For example, two sets {12, 23, 34, 45, 15} and {(13, 25, 46), (14, 26, 35) , (13, 24, 56) , (14, 25, 36) , (16, 24, 35) } are components of singular fibers of an elliptic fibration and the duad 46 is a 2-section of this fibration.
(iii) The diagramÃ 5 ⊕Ã 2 ⊕Ã 1 corresponds to an elliptic fibration on X with singular fibers of type I 6 , IV and I 2 . For example, six synthemes (14, 25, 36), (15, 26, 34) , (14, 23, 56) , (15, 24, 36) , (14, 26, 35) , (15, 23, 46) are components of a singular fiber of type I 6 , three duads 12, 13, 16 are components of a singular fiber of type IV . The pair of the duad 45 and (−2)-vector (145, 236) forms the subdiagram of typeÃ 1 . The duad 56 is a 2-section of this fibration. Remark 7.3. Note that there exists a nodal curve C such that C and the duad 45 form the singular fiber of type I 2 . If we denote by 2f the class of a multiple fiber of this fibration, then (145, 236) = f − C.
The 2-section 56 meets C, but not (145, 236). Note that C does not appear in 40 (−2)-vectors.
(iv) The diagramÃ 3 ⊕Ã 3 ⊕Ã 1 ⊕Ã 1 corresponds to an elliptic fibration on X with two singular fibers of type I 4 and one singular fiber of type III. For example, four duads 24, 25, 34, 35 and four synthemes (12, 36, 45) , (14, 23, 56) , (13, 26, 45) , (15, 23, 46) define two singular fibers of type I 4 respectively, and the pair of the duad is isomorphic to the semi-direct product S 6 · Z/2Z where S 6 is the symmetric group of the six letters {1, . . . , 6} and Z/2Z is generated by an outer automorphism of S 6 .
Recall that Aut(Y ) is generated by PGL(3, F 4 ), a switch and 168 Cremonat transformations, where Y is the covering K3 surface of X. Among these automorphisms, the subgroup S 6 · Z/2Z and ten Cremonat transformations preserve 12 nodal curves E 1 , . . . , E 12 .
Conjecture. The subgroup S 6 · Z/2Z and ten Cremonat transformations descend to automorphisms of X.
Let G be the subgroup of O(Num(X)) generated by reflections associated with ten non-effective divisors in Γ. If the conjecture is true, then ten Cremonat transformations descend to ten generators of G. By an argument in Vinberg [24] , 1.6, we have the following Corollary. 
